ABSTRACT: A new set of edge-conditioned basis functions is used to determine the modal characteristics of a large variety of nonstandard waveguide structures. Since the electromagnetic field includes the proper edge conditions at metallic corners and since the new basis functions are readily Fourier transformed, a considerable reduction in computational effort with respect to standard modal field-matching techniques is observed. Similar to procedures involving other known sets of applicable basis functions, the analysis achieves a higher reliability level, as it completely avoids relative convergence phenomena.
I. INTRODUCTION
Modern integrated waveguide technology employs nonstandard waveguide cross sections to take advantage of such features as enlargement of monomode bandwidth, field concentration in specific regions of the guide, field rotation, excitation of individual modes, and cross-coupling in dual-mode arrangements, to name only a few. Many of those structures are formed by permuting standard rectangular or circular waveguides in certain regions, thus resulting in L-shape, T-shape, w cross-iris, or ridged configurations, e.g., 1᎐4, 6, 8, x 9 . They are typically used in dual-mode applications, e.g., as in waveguide filters, polarizers, or orthomode transducers. For the accurate analysis
Correspondence to: Prof. Jens Bornemann and design of such components, the knowledge of the eigenmode spectrum is of fundamental importance, as it determines such critical quantities as resonator lengths, intercavity direct or crosscoupling, phase relationships, etc. Moreover, the determination of the mode spectrum is the most time-consuming and most critical part of a threew x dimensional modal analysis 10 .
Several publications have been concerned with w x this topic 1᎐3 . Typically, modal field-matching techniques are applied, as they offer a versatile w x tool for analyzing this kind of structure 8᎐10 . Although good results can be achieved in general, there are several shortcomings. The fields along the interface between different subregions of the Ž . cross section e.g., Fig. 1 are expressed in terms of pure sine and cosine functions. Therefore, they usually do not satisfy the boundary condition for Ž .
Ž . Ž . the larger region, or the edge condition at a metal corner, i.e., the singularity of the fields. To achieve a satisfactory approximation of the field at the interface and thus to get reliable results, a large number of modes is usually required, particularly if the electromagnetic field itself is to be computed. In addition, we encounter the problem of relative convergence, which is especially important for large dimensional differences between subregions.
To overcome these deficiencies, the fields at discontinuities are expanded in terms of edge-Ž conditioned basis functions as is well known from, w x e.g., the spectral-domain approach 5 , and the resulting system of equations is solved using the w x method of moments 11 . Several attempts have been made to apply this method to waveguidew x based discontinuities. In 12 , weighted Chebyshev polynomials are used as basis functions for zerothickness diaphragms, whereas weighted Geigenbauer polynomials describe the fields in finite-Ž w x. thickness applications e.g., 13᎐15 .
This paper focuses on a new set of basis functions upon which three distinct criteria have been imposed. First, to obtain accurate results, the basis functions must satisfy the edge conditions of the respective field components at 90Њ metallic corners. Second, the Fourier sine and Fourier cosine integrals of such basis functions must be solvable analytically, which contributes to both the speed and accuracy of the solution, as the Fourier spectra can be calculated without any need for numerical integration. Third, the sinusoidal dependence of the regular waveguide modes shall be reflected in the basis functions to maintain an appropriate transition of the fields at the discontinuity to those away from the discontinuity, the latter of which remain, of course, a superposition of sinusoidal waveguide-mode functions.
Consequently, the resulting set of basis functions can be used for a large variety of different geometries which, first, involve 90Њ metallic corners and, second, require the respective field component to be expressed in terms of sine or cosine functions, independent of whether the waveguide housing is of rectangular or circular shape.
The theory is verified by comparing our results with previously published data, and with the standard mode-matching technique. It is demonstrated that two basis functions are sufficient, not only to determine the complete mode spectrum of the waveguides, but also to accurately represent the fields at or in the immediate vicinity of the discontinuity, which, in standard mode-matching procedures, requires an extremely large number of modes.
II. THEORY

A. Cross-Iris Waveguide
First we will consider the rectangular structures Ž . shown in Fig. 1 , of which the cross iris Fig. 1a is the most general case. Field symmetry is assumed with respect to the planes x s 0 and y s 0. Two electric walls, one at x s 0 and one at y s 0, lead to the L-shaped waveguide of For the analysis, the axial fields inside the waveguide are written in terms of two-dimensional Fourier series for the two regions, I and II Ž w x. e.g., 5, 6 . In the following, the expressions are given for TE modes with electric wall symmetry at y s 0 and magnetic wall symmetry at x s 0. The boundary conditions are included in the expansions, whereas, so far, no conditions are imposed at the interface. In this way, the magnetic fields H are obtained as Now the tangential electric field at the interface plane, y s c, is expressed in terms of basis functions:
where c are the unknown expansion coefficients. assumed symmetry this yields
where E is as given in 3 . These integrals can be x solved analytically and lead to a sum of Bessel w x functions 7 . From this, the Fourier coefficients are expressed as˜I
Ž . where the B m and B m denote the spectra n n of the basis functions:
Now all field components depend only on the c 's. Rewriting the continuity condition of H at 
The roots of the determinant of G represent the results for the cut-off wave numbers. Finding the roots, however, can be simplified by looking w x at the smallest singular value 9 , since the poles in the determinant are avoided. Note that the Ž . sum in 11 is taken over the modal index m and that the actual modal distributions in regions Ĩ I, II Ž . and II are only present in the spectra B m of j, i Ž the basis functions and not as in standard . field-matching techniques as separate entries in the system matrix. Therefore, the matrix elements Ž . g in 11 can be tested for convergence prior to i j calculating the singular value, and hence the phenomenon of relative convergence is avoided.
The calculations for the other symmetry conditions are obtained similarly. The Fourier expansions and basis functions are changed according to the different boundary conditions, leading to very similar expressions. Furthermore, the results for TM modes are analogous. Here the axial electric field is written in terms of a Fourier series, and, again, the transverse electric fields in the two regions are matched at the interface, which allows the Fourier coefficients to be expressed in terms of the expansion coefficients. The continuity condition of the magnetic fields H is then used to derive the integral equation, x and Galerkin's method is used to find the cut-off wave numbers.
B. Rectangular Coaxial Waveguide
The same approach is used to analyze the rectangular coaxial waveguide in Fig. 1d . For TE modes and magnetic wall symmetry at the x s 0 and y s 0 planes, the axial magnetic fields are expanded as are chosen independently from the symmetry conditions since, for this geometry, the symmetry axes do not affect the boundary conditions at the Ž interface. Note that the properties of the fundamental TEM mode on this structure are well known and need not be included in the determi-. nation of the mode spectrum. Again, after applying Galerkin's method, the singular value decomposition is used to locate the roots in the system determinant function. As a by-product, the solution for the expansion coefficients is obtained that directly determines the tangential electric field at the interface as presented in the Results.
C. Circular Ridged Waveguide
The circular ridged waveguide in Figure 2 is solved in cylindrical coordinates. Although the field components involve Bessel functions, the angular dependence is given by sines and cosines, and therefore the previously used set of basis functions can be applied here. For TE modes and magnetic wall symmetry, the axial magnetic field is expanded as Figure 2 . Geometry of ridged circular waveguide. 
Again, the solution is given by a linear matrix equation,
w x where the elements of the matrix G are given by
For implementation of the algorithm in a computer code, it should be noted that the Fourier Ž . Ž . Ž . spectra of the basis functions in 8 , 9 , and 18 , Ž . 19 are frequency independent and, consequently, are computed only once to speed up the Ž calculations considerably. A detailed presentation of the computation of fractional-order Bessel w x functions is given in 15 along with a ready-toimplement Fortran code. The reader is referred . to this reference for further details. Since the w x Bessel routine of 15 is extremely fast, the computation of the frequency-independent Fourier spectra is negligible compared to the subsequent Ž . Ž . search algorithm for solving 10 or 20 . Figure 3 shows the results for the L-shaped wavew x guide of Fig. 1b . Excellent agreement with 2 is observed for both TE modes and TM modes. Note that, because of the symmetric L-shape, the normalized cut-off frequencies of modes ik are identical to those of modes ki. Figure 4 depicts the results for TE modes of the T-shaped waveguide of Fig. 1c , and the results are practically w x identical to those presented in 1 . Figure 5 shows the additional TE and TM modes of a cross-iris with magnetic-wall symmetry, which completes the mode spectrum of a general cross iris. Again, w x excellent agreement with 2 is demonstrated.
III. RESULTS
As a compromise between accuracy and computation time, a 10 = 10 matrix was used by Lin w x 2 for the cross-iris. All results in this paper, however, were generated using only two basis functions, i.e., requiring only a 2 = 2 matrix. In most cases, one basis function gives sufficiently accurate results. This efficiency of the method is demonstrated in Table I by the convergence of the first two TE modes with odd᎐even symmetry. It can be seen that all results converge and agree to within less than 0.1%. Next, the technique is applied to the rectangular coaxial waveguide of Fig. 1d . The results for the TE-mode cut-off wave numbers are shown in Figure 6 . Identical results were obtained by using standard modal field-matching procedures. However, the results from this integral-equation technique were generated by using only two basis functions. In most cases, one basis function gave accurate results for the wave number, leading to only one scalar to be minimized, whereas in standard modal field matching, the singular value of a 10 = 10 matrix was minimized. Similar results are obtained for the TM modes of a rectangular Ž . coaxial waveguide not shown here .
In the example of the rectangular coaxial waveguide of Fig. 1d, Figure 7 compares the convergence of the calculated electric field component E immediately along the interface between x Ž . the two regions at y s d q 0.0001a; cf. Fig. 1d by two different techniques. The dotted line represents results from the standard modal fieldmatching technique, using 30 and 300 modes in regions I and II, respectively. Although the approximation of the singularity is clearly visible, the results retain a relatively high ripple, which is typical for the superposition of individual modes.
Ž . With the same number of modes 300 but with only two edge-conditioned basis functions in the Ž . integral-equation technique dashed line , the ripple is markedly reduced, although the slope at the discontinuity is still far from representing a singular field. The solid line is obtained by the integral-equation technique with two basis functions, but using 2000 modes in the sums of the Ž individual matrix elements. Note that this does . not increase the size of the matrix. The ripple is reduced significantly, and the slope at the discontinuity represents much more closely that of a field singularity. For this specific case, we have refrained from a direct comparison with the modal field-matching technique, as 2000 modes is quite an unrealistic scenario in mode matching, because of the resulting matrix of exactly this size. The integral-equation technique, however, is capable of including even more modes while maintaining the matrix size, as determined only by the number of basis functions.
Finally, Figure 8 shows the normalized TEmode cutoff frequencies for a ridged circular waveguide of Figure 2 . The good agreement with w x data from a finite-element method 8 demonstrates that the new set of basis functions can also successfully be applied to circular waveguide structures, since the angular dependence is sinusoidal. While two basis functions are usually sufficient for the TM-mode spectrum of such a structure, four to five basis functions are required for the TE mode case with magnetic-wall symmetry Ž . in the x s 0 plane Fig. 2 . This is believed to be due to the distortive influence of the ridges on Ž the fundamental TE mode and related field 11 . symmetries of the empty circular waveguide.
IV. CONCLUSIONS
A new set of basis functions within an integralequation technique is presented to solve for the mode spectra and fields of rectangular and circular waveguide structures of nonstandard cross sections. The method is based on directly expanding the tangential electric field at the interface plane in terms of basis functions. These basis functions are chosen so that they, first, satisfy the edge conditions at the metallic corners; second, are analytically Fourier-transformable; and third, include the basic form of the sinusoidal dependence of the waveguide-mode functions. Therefore, the results show rapid convergence in terms of both accuracy and computational speed. Sufficient accuracy is usually obtained by using only one or two basis functions, not only for the cut-off frequencies, but also for the field components in the immediate vicinity of metallic corners. It is obvious that this set of basis functions can be applied to many other structures with 90Њ metallic edges and sinusoidal mode distribution.
